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We consider here the motion of a gyroframe (a rigid body carrying gyro-
scopes), whose point of suspension is being displaced with respect to an
inertial frame of reference in an arbitrarily prescribed manner. Using
methods shown in[1 ], we derive the equations of precessional motion
for the whole system. We demonstrate that under certain conditions the
equations of motion yield the first integral, which is used to construct
the Liapunov function and determine in turn the necessary conditions for
the stability of motion. As an example we derive the equations of pre-
cessional motion of a horizontal gyrocompass and prove that these equa-
tions are equivalent to the equations obtained originally by Ishlinmskii

[21.

We determine the conditions for the stability of motion of a hori-
zontal gyrocompass (when the velocity of the suspension point v and the
angular rotational velocity « of the trihedron of Darboux are constant}.

1. Let us introduce two coordinate systems, the inertial system with
the origin at the point O; and the system Ox,*x,*x;* in translatory
motion with respect to the inertial system. We shall investigate the
motion of a system of mass points with respect to these two coordinate
systems. Let us denote by K the principal vector of the angular momentum
of our system of mass points about the origin of the inertial reference
frame O;, and by K,” the principal vector of the angular momentum of our
system about the origin of the translated frame Ox,*x,*x;*.

The equation of the angular momentum of our mass points system
dK/dt = M€ can be easily transformed into

dRy’
B My M (1)

Here M® and M/ ¢ are the principal moments about the points O, and O,
respectively, of the external forces acting on the system; M, is the
principal moment about the point O of the inertia forces caused by the
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transport acceleration. All the inertia forces are replaced by a single
effective resultant mw applied at the center of mass of the system (m is
the mass of the whole system, w is the acceleration of the point 0).

The kinetic energy of our system can be written in the form
T=T’+—;—mv2—|—mv-vc’ (1.2)

In the above equation v is the velocity of the point O, v is the
velocity of the center of mass of the whole system with respect to the
moving axes Ox,*x,*x;*; T” is the kinetic energy of the system.

We shall consider now the motion of a gyroframe when the motion of
its suspension point O is prescribed. The precessional, or the so-called
elementary theory of the motion of a gyroframe can be derived by using
two different methods. The first method (see papers by Ishlinskii [2-5])
consists of using the angular-momentum equation in the form (1.1). The
precessional theory assumes that at sufficiently high rotational velo-
cities of the gyroscopes the angular momentum K" of the whole system
(gyroframe with gyroscopes and other bodies) about the moving axes
Ox,*x,*x,* equals the geometric sum of the angular momenta of the gyro-
scopes H.

J k
K,/~H= D H; (k is the number of gyroscopes)
i=1

Substituting the approximate value of the angular momentum K;” in
Equation (1.1), we obtain the equation of precessional motion of the
gyroframe

dH
@ M+ M" (1.3)

To the above vector equation we must add the equations determining

the motion of the gyroscopes with respect to the frame.

In the second method of deriving the precessional equations of motion
of a gyroframe instead of the angular-momentum equation, we simplify the
expression for the kinetic energy. The essence of the second method con-
sists of replacing the kinetic energy of the system with respect to the
moving axes Ox *x,*x,* by the kinetic energy of the gyroscopes rotating
about their axes, when the rotational velocities of the gyroscopes are
sufficiently high (see, for example, [21).

2. Let us examine the second method in some detail. Beside the moving
axes we introduce in addition two more coordinate systems Ox,°x,°x,° and
Ox,x,x,. The origins of both systems coincide with the suspension point
0, the system Ox;x,x, is fixed in the frame and the system Ox,°x,°x,°
rotates with the prescribed angular velocity w, = @, (t) with respect to

the trihedron Ox *x,*x,*. Let us denote by wcfg the components of the
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angular velocity vector @, along the axes x.; by q,, g,, g; the Eulerian
angles determining the orientation of the gyroframe (the Oz, x,x,-coordi-
nate system) with respect to the trihedron 0x,°x,°2,°; by q,, ..., I
the angles determining the orientation of the gyroscopes’ axes with re-
spect to the gyroframe; by a. the cosine of the angle between the
vector ¢ and the axis of the sth gyroscope; by b;, the cosine of the
angle between the axis x.° and the axis of the stﬂ gyroscope; by és the
rotational angular velocity of a gyroscope; by C the moment of inertia
of a gyroscope about its axis of symmetry.

When the second method is being used, the kinetic energy (1.2) of the
precessional motion of the system consisting of a gyroframe and gyro-
scopes is replaced by the expression

k n 3
T z% Z CS K(ps + 2 a«jséj + Z bjsmejo)“ + %”sz + mV'Vc’ (2.1)
s=1 i=1 j==1
In the above equation ¢; and b; are the known functions of the
generalized coordinates g;, and w,° are the prescribed functions of the
time. We shall denote by @, the rotational angular velocity of the gyro-
frame with respect to the trihedron Ox,°x,°x,°. The velocity of the

center of mass v,” with respect to the system Ox;*x,*z;* equals
v = (0, + ©e) X 1

Here r_° is the radius vector OC of the center of mass. Expression
(2.1) can be put in the form

k n 3
T=7 2C(0,+ Daid;+ Dbsoe ) + T+ To (2.2)
s=1 j==1 i=1
where
Ty =mv. (0, X 1), To=mv{w, Xr/ ) + —»}mv2 (2.3)

Let us mention that T, is the linear form of the generalized velo-
cities ¢;, q,, ?3, and T, depends only on the generalized coordinates
q; and on the time t.

Taking into consideration that the torques caused by the gyro-motors
are equilibrated by the resistance forces, we obtain the k first inte-

grals corresponding to the cyclic coordinates ¢,

n 3

aT . .

=G0 D+ Do) =H =tk 24
8 i=1 i=1

When constructing the equations of motion of the system it is con-
venient to eliminate the cyclic coordinates ¢, by using the first inte-
grals (2.4). To achieve that we construct the Routh function within an
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additive constant, in our case

R=RI+RO+T1+T0 (2.5)
where
k 3
2 H, Z aqu y Ry= ZHS 2 bjswe;” (2.6)
=1 8=1 i=1

The equations of the precessional motion of the whole system (gyro-
frame and the gyroscopes) are
d AR oR
where Q. is the generalized force. By (2.5) Equations (2.7) can be put
in the form

£ ‘”l Lot af‘ 4+ 2 e (2.8)
.‘I

Before going any further, let us make two observations. When con-
structing the sum 3a; g. in the expression for the kinetic energy (2.1),
we consider only those angular velocities g which are transferred to the
sth gyroscope, and when we calculate the generalized forces Q we neglect
to consider the inertia force caused by the transport acceleratlon be-
cause the kinetic energy (1.2) or (2.2) refers to the absolute motion.

3. Assuming that the forces acting on the system are derived from a
potential, we have
oIl .
Qj: ——6; G=1,...,n) (3.1)
where II is the potential energy. Let also R;, T; and T, be explicitly
independent of time. With these assumptions Equation (2.8) yields the
first integral

V=I-—T,— R, = const (3.2)

easily obtained by multiplying each equation in (2.8) by q , Summing up
the products and taking into consideration that R, and T, are homogene-
ous linear functions of the generalized veloc1t1es and that I, T, and
R, do not depend on the velocities gq,.

We shall assume that the displacements of the coordinate system
0x,°x,°%,° and that the forces acting on the system are such that the
motion described by the equations g; = 0(j=1, 2, ..., n) is possible,
For such a motion Equations (2.8) become applicable for the perturba-
tions, and if the function

W=V —V(0) (3.3)

is sign-definite, then the unperturbed precessional motion g9 = 0 is
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stable by the Liapunov criterion.

4. Let us consider as an example the derivation of the equations of
motion for a horizontal gyrocompass and of the conditions of its sta-
bility. The basic scheme of the gyrocompass system can be found in [2 1],
where the author derives the equations of motion using the equations of
moments. In our derivations we are using essentially the same method as

in{21].

The earth is assumed to be a perfect sphere and the suspension point
O of the gyroframe moves on the earth’s surface. Let us introduce a co-
ordinate system Ox*y*z* which is in translatory motion and whose axes are
oriented on distant stars, and a geographically oriented system 0&n (.
Let U be the earth’s angular velocity, ¢ be the geographical latitude of
the gyrocompass, Vp and Vy be respectively the known eastern and northern
components of the velocity of the suspension point with respect to the
earth’s surface. The angular velocity of the latitude variation ¢ and of
the longitude variation A equal

Vy . V.
LN & 44

Yo7 A == Reosg @D
where R is the earth’s radius. The angular velocity vector of the lati-
tude variation is directed west, and the angular velocity vector of the
longitude variation is parallel to the earth’s axis.

The angular velocity vector of the rotation of 0&n{ with respect to
the star-oriented system is the resultant of the earth’s rotation angular
velocity vector and of the angular velocity vectors of the latitude vari-
ation and longitude variation. Its &, n and { components equal

uy == —@, u,=(U-+heosq, ar=(U-+1)sing (4.2)

The velocity v of the suspension point O with respect to the inertial
reference frame whose origin is at the earth’s center (the acceleration
of the earth’s center is neglected) is the resultant of the transport
velocity RU cos ¢, directed east along the tangent to a meridian, and
of the relative velocity whose components are Vg, Vy, O. Consequently,
the velocity v equals (Fig. 1)

ve= YV + (Va-+ RU cosp)? (4.3)
Following [2 1, we introduce a new coordinate system Ox®y®z° whose :z-
axis (Fig. 1) coincides with the {-axis, and the x°-axis is along the
velocity vector v. The y°-axis must then be directed along the resultant
of ug and u,. The angle ¥ between the axes £ and x° is given by the
formula

: Vo
- P . N ~ 7
te® = (U+ Mcosg Vg+HRUcosg 44
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~J(U+i)cos
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72 V.+RUcosy

Fig, 1. Fig. 2.

Using Fig. 1 and Formulas (4.1) to (4.4), we calculate the x°-, y°-,
and z°-components of the rotational angular velocity @, of the system
2°y°2° with respect to x*y*z*

Wex =0,  ©° =

Des” = @ (4.5)

where
. . ¥V .
o= U+ ?»)sincp+\‘)=—g~tanq>+-lfsincp + & (4.6)

We introduce finally the coordinate system xyz fixed in the gyroframe,
whose z-axis is parallel to the rotation axes of the gyroscopes’ casings
(inner gimbal rings), the y-axis makes equal angles with both gyroscopes’
axes, consequently the direction of the x-axis is uniquely determined
(Fig. 2). (Figure 2 is given without explanations, which can be found
for example in [2 ].) The orientation of the gyroframe with respect to
0x°y°z° is determined by the three angles a, 8 and y (Fig. 3). The
direction ¢osines of the angles between Oxyz and Ox®y°:z° are listed in
the following table:

x° yo zﬂ

x| cosa cosy-—sing sinf siny |sina cost--cosa sin Bsiny —cosp siny (4.7)
Y —sinacosp cosacosp sinf

z |cosa siny+-sina sinB cosy |sina siny—cosa sinf cosy cosfB cosy

The x-, y-, and z-components of the angular velocity vector o, and
of the angular velocity vector @, of the gyroframe in rotation with
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respect to 0x°y°z° are
O = % (sin & cos v -+ cos asin P sin v) — o cos P sin ¢
Wey = —%—cosacosﬁ + wsinp (4.8)

v - . s
W = = (sinasiny — cosasin P cosy) + w cosPcosy

@y = — a.cos Bsiny + B cos, Oy = asin B+ y (4.9)

@y, = acosPecosy + Psiny

We need also the y-component of the angular velocity vector of the
gyroframe’s rotation with respect to the inertial system (the remaining
components are not needed).

We have the relation w, = ., + @, and by (4.8) and (4.9)

Y
my*:-('zsinﬁ%ﬂ'{-i——%—cosacosﬁ—!—wsinﬁ (4.10)

In order to obtain in the Routh function the expression for R, + R,
(see, for example, [1 1 and also Formula (2.6)) we must: (1) calculate
the sums of the projections of
angular velocities on the axes of
each gyroscope (excluding the velo-
city of spin); (2) multiply these
sums by the angular momenta of the
corresponding gyroscopes and add
together these products.

Applying the above procedure to
the system which is shown in Fig. 2,
we obtain

Ri+Ro=H: (w, sine-} o, cose) -
+ Hz (— w, sin & + o, cOs &)

Assuming that angular momenta of
Fig. 3. the two gyroscopes equal each other
(H; = Hy = H; an angular momentum
in[2 ] is denoted by B), and by (4.10), we obtain
R1+ Ro = 2H cos s(cfcsinp +;(—}-—;—cosacosﬁ + o sinf
Hence

R1 = 2H cos e (asinp + 1), Ro= 2H cos s(% cos a cosf -+ o sin ﬁ)(é.ii)
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We are going to calculate now T and T, by Formulas (2.3). The 2°-,
y°- and z°-components of the velocity vector ¥ of the suspension point
equal

v° = v, v, =0, v, =0

The x-, y-, and z-components of the vector v are found by Table (4.7)
and equal

v, = v{(cos a cos Y — sin a sinfsin 1), vy = — vsin a cosf
v, = v (cos a sin v~ sin a sin fcos 7) (4.42)

The center of gravity of the whole system is on the x-axis at the
distance ! below the suspension point. Therefore, the x-, y-, and z-
components of the vector r ~ are

2e=0, =0, zg= —I (4.13

Performing multiplications as shown previously in (2.3), and by (4.8),
(4.9), (4.12), and (4.13), we obtain

Ty = mlv{(sin a sin v — cos a sin fcos 1)a — sin a cosfcos TB —
— (cos @ cos v — sin a sin fsin 1) 7] (4.14)

1 . . . 2
To = — mv® + mlov (sin a sin v — cosasinf cosy) — ml% cosfeos ¢

We shall calculate now the generalized forces. The gyroframe is under
the action of the gravity force F directed toward the earth’s center
along the earth’s radius. The potential energy due to F equals II, = F(,
where { is the coordinate of the center of gravity of the gyroframe with
all the bodies attached to it. By Equation (4.13) and by Table (4.7) we
obtain

Iy = — Flcosp cos v (4.15)

A gyroframe has an internal device which generates the moment N{e)
about the rotation axes of the gyroscopes’ casings. If we neglect all
other forces except the ones under consideration, we obtain the follow-
ing generalized forces for our system:

all oIl .
Qu=—Z=0  Qa=—=—Flsinfecosy 45
QY.:—%%L:_cmosﬁsiny, Q. = — N (e)

Using Expressions (2.8) for the angles a, B, y, and ¢, and by (4.11),
(4.14), and (4.16), we obtain the equations of motion for our system
(the right members of the first three equations can be obtained as the
sum of the moments of the gravity force F and of the resultant of
inertia forces mv about the z,-, x’- and y-axes (Fig. 3)):
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{4.17)
-;T(ZH cos €) sin p + 2H cos e-cosPp -+ 2H cos 8-};«—sin acosp =
= ml%{» (sin @ sin v — cos ¢-sinf cos 1) + mlwv (cos asin y +
+ sin a sinf cosy)

v . 3 do .
- cosasinf +w cosf ) = mi——sin acosp cos y —
»3

— mlwv cos a cos B cosy-(F—~ m R)lsinﬁcosr

— 2H cos e (acosp —

-55—21‘{ COS B = ml%{cosacos Y — sin a sin B sin 1) +
2
4 mlov (sin a cos v + cos asinf sin 1) —(F — m—%—) Lcosf sin v
2H sin a(d sin p +q.'+~;—cosacos(3 +® sinﬁ) = — N (&)

Equations (4.17) are equivalent to the equations (40) in [2 ] which
were obtained by a different procedure. Indeed, the second and the
fourth equations of the system (40) in [2 ] coincide with the third and
the fourth equations of (4.17). In order to obtain the first equation of
(40), we reduce the first equation of (4.17) by the third equation of
(4.17) to the form

2H cos s(ﬁ + %— sina) = — ml%’- sin @ cosP sin ¢+

+ mlovcos acos B siny +{F — mf};)Zsinﬁsin Y
then we multiply this equation by sin y and multiply the second equation
(4.17) by cos y and add the two products. The third equation of (40) can
be easily obtained by some other linear combinations of equations in
(4.17).

5. Our gyroframe becomes a horizontal gyrocompass if we select the
moment N(¢) permitting the motion determined by a = 8=y = 0, that is
such a motion when the equatorial plane of the gyroframe Oxyz remains
all the time horizontal (gyrohorizon), and the y-axis points north with-
in a course correction angle ¥ (gyrocompass). Substituting the above
values for the angles a, 8 and y in Equations (4.17), we obtain

2H cos &.w == mlowv, 2H sin 3% = — N (&)
(em. 1)
2H cos & = mly = mlV Vy? + (Vi + RU cos ¢)? {5.1)
N(g) = — iﬁz cos € sin &

If the above conditions are satisfied and if at the initial instant
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of time a = B =y = 0, then the gyroframe will be in equilibrium rela-
tive to 0x°y°z° showing all the time both north and the local vertical.

6. We shall investigate now the stability of motion, assuming that
the functions R, T, and T, do not depend explicitly on the time (this
is equivalent to the assumption that v and ® are constants). Let ¢, be
the value of the angle ¢ at which the first condition (5.1) is exactly

satisfied:
2H cos g0 = miv (6.1)

Let us introduce through the equation

g = ¢go+ &

the new angle 8. The generalized force — N(e) will be conservative and
its potential energy will be

szgzv( )deu—ﬁrﬁcmue (6.2)

Using the potential energy of the force F (4.15), we find the
potential energy Il of the whole system

= — FlcosBcos v ~}— T 608 Z2e (6.3)

Under these assumptions the first 1ntegra1 (3.2) exists and in our
case {see (4.11), (4.14) and (6.3)) it has the form

=-—l(F——m—)cosBcho+ 7 008 2 (20 + 6)—%—mv2m—

— ml@v — (sin a siny — cosa sinB cos 1) — 2H cos (g0 + 8) X
X <% cos @ cosp + o sin [5> (6.4)

We consider the difference ¥V — V(0) and expand it in power series of
a, 8, y and 8. By Equation (6.1) and after certain transformations we
find

v —-V(O)m__[ﬂ o + FB* +(F -——@—\7 4 m———-tan £0d? —

— 2moBy + 2mov tan eoﬁé} + (6.5)

The dots which follow the last term indicate higher-order terms which
were neglected.

Let us take the quadratic form inside the brackets and apply to it
the criterion of Sylvester. We find that if the condition

F—m%f — mRo? > 0 (6.6)

is satisfied, then for sufficiently small values of @, B, y and &
the function W= V — V{0) is positive-definite. Its derivative, on the
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strength of the perturbed equations, equals zero (¥ = constant), hence,
by Liapunov’s theorem, the unperturbed motion of the horizontal gyro-
compass @ = 3=y =8 = 0 is stable.

Let us examine quickly the condition (6.6). If we assume, following
[2], that

o
F— nz%%—=:7ng

is approximately satisfied, then the inequality will take the form
ST
-1/ £
0 <V (w = V ?) (6.7
where v is the frequency corresponding to a period of Schuler [6 ].

7. We shall now take into account the resistance forces. If we do
that we have instead of the integral (6.5)

77 V= Vo) = — (a3 + b + o1 + d8?

where a, b, ¢ and d are arbitrarily small constants which characterize
the dissipative forces.

When w < v, then the unperturbed motion a = 8=y = & = 0 is asymp-
totically stable, and when w > v then the function ¥V - V¥, can take on
negative values, and the motion is unstable. If we take into account re-
sistance forces in every part of the system, then, with all other
assumptions, the inequality @ < v is not only sufficient but also the
necessary condition of stability of motion of a horizontal gyrocompass.
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